We continue the study of superintegrable systems of Thompson's type separable in Cartesian coordinates. An additional integral of motion for these systems is the polynomial in momenta of N -th order which is a linear function of angle variables and the polynomial in action variables. Existence of such superintegrable systems is naturally related to the famous Chebyshev theorem on binomial differentials.
Introduction
In 1984 Thompson proved superintegrability of the Hamiltonian
where n is an arbitrary positive integer [18] . To simplify the notation it is best to make a 45 degree rotation q 1 = x + y and q 2 = x − y as in [11] . Such superintegrable systems are still being studied up till now, see [1, 9, 10, 16] and references within.
In this note we prove that dynamical system with Hamiltonian
is superintegrable, if exponents M 1 and M 2 belong to the following sequence of positive rational numbers 2) or sequence of negative rational numbers
These two sequences of exponents are distinguished according to the Chebyshev theorem on binomial differentials [4] . The corresponding additional first integral is a polynomial with respect to momenta p 1 and p 2 . We also discuss nonseparable systems with Hamiltonians 4) where M 1,2 belong to (1.2-1.3) and present a new integrable deformation of the Fokas-Lagerstrom system [5, 11] . The corresponding integral of motion is a polynomial in the momenta of the sixth degree.
Thompson's type systems
There are many integrable and superintegrable systems with algebraic potentials, see [3, 5, 8, 10, 11, 12, 14, 15, 17, 18] . For arbitrary rational M 1,2 Hamiltonian H (1.1) is also an algebraic function well-defined in some part of the plane. In the same domain of definition we introduce variables
with canonical Poisson brackets
and equations of motionİ
For the completely integrable system the Liouville-Arnold theorem implies that almost all points of the phase space are covered by a system of open toroidal domains with the action-angle coordinates I 1 , . . . , I n ; ω 1 , . . . , ω n . In these coordinates the completely integrable system has the forṁ 6) and symplectic structure is canonical Ω = dI k ∧ dω k [2] . The variables I 1,2 and ω 1,2 (2.5) satisfy standard equations of motion (2.6) and have canonical Poisson structure P = Ω −1 . So, we will call them the formal action-angle variables which are welldefined functions on the original Cartesian variables only in some part of the cotangent bundle to plane.
By definition Hamiltonian H (1.1) is in the involution with action variables I 1,2 and with any function on the difference of the angle variables [19, 20, 21, 22] . Below we prove that X is the polynomial in momenta p 1,2 if M 1,2 belong to (1.2) or (1.3) because in this case ω 1,2 are given by elementary functions. More general case when some function on difference ω 1 − ω 2 are elementary functions on original variables we do not consider here, see discussion and examples in [7, 19, 20, 21, 22] .
Let us recall that expressions of the form
where α, β are arbitrary coefficients and m, n, p are rational numbers, are called differential binomials.
According to the Chebyshev theorem [4] integrals on differential binomials
can be evaluated in terms of elementary functions if and only if:
1. p is an integer, then we expand (α + βx n ) p by the binomial formula in order to rewrite the integrand as a rational function of simple radicals x j/k . Then we make a substitution x = t r , where r is the largest of all denominators k, remove the radicals entirely and obtain integral on rational function.
2.
m + 1 n is an integer, then we set t = α + βx n to obtain integral
which belongs to Case 1.
3.
m + 1 n + p is an integer, then we transform the integral by factoring out x
The result is a new integral of the differential binomial which belongs to Case 2.
In our case (2.5) we have
Hence action variables ω 1 and ω 2 is expressed via elementary functions only if
In order to avoid logarithmic term ln(t) = t −1 in (2.5), which is also an elementary function, we have to consider only zero, positive and negative values of M , respectively. For M k from (1.2) action variables (2.5) are
where I k , k = 1, 2, is the corresponding action variable. Let us show a few explicit formulae for positive exponents
and negative exponents
Other partial or generic expressions for integrals may be found in textbooks, tables of integrals or any computer algebra system. Proposition 1 A Hamiltonian system defined by H (1.1) has a polynomial first integral X N of order N , if M 1 and M 2 belong to (1.2) or (1.3):
This integral of motion X N is functionally independent from I 1,2 (2.5).
Cases 1 and 5 were studied in [10] and [18] , respectively. Let us show some "compact" examples of polynomial integrals X N with N = 8:
Here we multiply the expressions from Proposition 1 by a constant in order to bring the principal part of these polynomials to standard form used in [1, 9, 16] . Of course, any polynomial combinations of I 1,2 and X N are also integrals of motion. For instance, there are other integrals of motion that are functions on (ω 1 − ω 2 ) 2 . It is interesting that for M 1,2 = 0 they are polynomials in momenta of less degree N −2. For negative M such integrals have the following form
, where α, β are polynomials in a, b and binomial coefficients. For instance, Hamiltonian
is in the involution with polynomial in momenta X 7 = (ω 1 − ω 2 )I 1 I 3 2 of the seventh degree and with the following polynomial of the sixth degree .
In a similar manner we can construct integrals of motion Y N −1 for positive exponents M and for composition of the positive and negative exponents.
Nonseparable systems
Let us start with the following theorem from [15] .
Proposition 2 If a Hamiltonian system defined by
is integrable in the Liouville sense, then either
for a certain integer p.
The conditions (3.7) are only necessary for the integrability. Only some of the potentials satisfying these conditions are integrable.
We can obtain the known list of these integrable systems considering deformations of the Thompson integrals of motioñ
Here H is given by (1.1) at M 1 = 0, Z N is some fixed polynomial in momenta of degree N , whereas potential U (q 1 , q 2 ) and polynomial ∆Z N −2 of degree N − 2 have to be obtained by solving equation
For instance, let us take
where X 4 and Y 4 are integrals of motion considered in previous Section. It is easy to find deformation of this Hamiltoniañ 10) which is in involution with two functionally independent integrals of motioñ
Properties of this superintegrable system are discussed in [3, 17] . Similar deformatioñ
is integrable with first integral
On the one hand, both Hamiltonians (3.10) and (3.11) can be obtained from the Hamiltonians of various Holt systems [8, 11, 12] using shift q 1 → q 1 + α. On the other hand, all the Holt systems can be considered as deformations (3.8) of the Thompson superintegrable system (3.9), see [3] .
Next integrable deformation (3.8) of the same system (3.9) can be obtained using sixth order polynomial in momenta
which now depends on the angle variables. In this case solving equation {H,Z N } = 0 one gets a new integrable deformation of the Fokas-Lagerstrom system [5] .
is in involution with the following integral of motioñ
, which is polynomial in momenta of the sixth degree.
For b = 0 potential inH (3.12) coincides with the so-called Fokas-Lagerstrom potential [5, 11] U = a (x 2 − y 2 ) 2/3 , after a 45 degree rotation
It is easy to directly prove that for other pairs of exponents (M 1 , M 2 ) in (1.4), which satisfy conditions (3.7), the first integral has to be a degree more than five in the momenta.
Conclusion
In this note we have carried out a systematic study of superintegrable Hamiltonian systems separable in Cartesian coordinates using action-angle variables, which play a fundamental role in classical and quantum mechanics. It is enough to say that they are the key points in the Kolmogorov-Arnold-Moser theory, in the geometric and semi-classical quantization.
Previously in [19, 20, 21, 22] , we have already constructed polynomial integrals of motion using addition theorems for the action-angle variables. For instance, by adding action variables
one gets Hamiltonian
which is in involution with the following integral of motion
which is functionally independent from I 1,2 . Here
are the corresponding action variables. For integer m and half-integer n this integral could be polynomial in momenta which is obtained using an addition theorem for logarithmic (inverse trigonometric) functions. In this note we use the simplest addition theorems for polynomials (rational functions). Because we know how to add polynomials in quantum variables we could try to study quantum counterpart of the Hamiltonian (1.1 ) using quantum analogs of the action-angle variables [6, 13] . The main problem here is that classical action-angle variables are defined only in some domain of the cotangent bundle of plane. In [1, 10, 16] authors de facto found quantum action-angle variables in the framework of the Bohr-Sommerfeld quantization in the Cartesian coordinates. It will be interesting to obtain these quantum action-angle variable in geometric or semi-classical quantization.
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